Let G be a split connected reductive group over a finite field of characteris-
tic p > 2 such that G der is simple. We give a geometric construction of perverse mod p sheaves on the Iwahori affine flag variety of G which are central with respect to the convolution product. We deduce an explicit formula for an isomorphism from the spherical mod p Hecke algebra to the center of the Iwahori mod p Hecke algebra. We also give a formula for the central integral Bernstein elements in the Iwahori mod p Hecke algebra. To accomplish these goals we construct a nearby cycles functor for perverse Fp sheaves and we use Frobenius splitting techniques to prove some properties of this functor. We also prove that certain equal characteristic analogues of local models of Shimura varieties are strongly F -regular, and hence they are F -rational and have pseudo-rational singularities. 1. Overview 1.1. Introduction. Let G be a connected reductive group over an algebraically closed field of characteristic p > 0. Let Gr be the affine Grassmannian of G and let Fℓ be the Iwahori affine flag variety. In [Cas19] we defined the category P L + G (Gr, F p ) of L + G-equivariant perverse F p sheaves on Gr as well as the convolution product F • 1 * F • 2 of two perverse sheaves in P L + G (Gr, F p ). We also showed that P L + G (Gr, F p ) is a symmetric monoidal category which is equivalent to the category of representations of a certain affine monoid scheme.
Now let E be a local field of characteristic p > 0 with ring of integers O E and residue field F q where q is a power of p. Suppose G is a split connected reductive group defined over E, and fix a maximal torus and a Borel subgroup T ⊂ B ⊂ G. Let X * (T ) be the group of coweights of G and let X * (T ) + be the monoid of dominant coweights. For a compact open subgroup H ⊂ G(E) let
The multiplication on H H is by convolution of functions. The mod p Hecke algebras H H are important in the study of smooth admissible representations of G(E).
As G extends to a smooth group scheme over O E we may let K = G(O E ). Then Herzig [Her11b] (and Henniart-Vignéras [HV15] for more general coefficients) constructed a mod p Satake isomorphism S : H K → F p [X * (T ) + ]. Let I ⊂ K be the Iwahori subgroup determined by B and let Z(H I ) be the center of H I . If ½ K ∈ H I is the function which is 1 on K and 0 elsewhere then there is an isomorphism of F p -algebras
In [Cas19, 1.3] we constructed an isomorphism F p [X * (T ) + ] ∼ = K 0 (P L + G (Gr, F p )) ⊗ F p which can be viewed as a geometrization of the inverse of S. In this paper we will construct a functor P L + G (Gr, F p ) → P (Fℓ, F p ) for p > 2 which geometrizes the inverse of T . Our method is analogous to the case of Q ℓ -coefficients considered in [Gai01] and [Zhu14] , but it involves some new ideas because there is no general nearby cycles functor for F p sheaves. In particular, we will use Frobenius splitting techniques to verify that our ad-hoc construction of the nearby cycles functor satisfies the necessary properties. The key fact is that if X is an integral F -rational variety of dimension d then the shifted constant sheaf F p [d] ∈ D b c (Xé t , F p ) is a simple perverse sheaf [Cas19, 1.7 ]. This paper is the next step in a project aimed at providing a categorification of the representation theory of affine mod p Hecke algebras.
1.2. Statement of main results. Let G be a connected reductive group over an algebraically closed field of characteristic p > 2 such that G der is simple. Fix a maximal torus and a Borel subgroup T ⊂ B ⊂ G. Let I ⊂ L + G be the Iwahori group given by the fiber of B under the projection L + G → G (see Section 2.1 for the definitions). Let Gr = LG/L + G be the affine Grassmannian of G. Let Fℓ = LG/I be the affine flag variety and let π : Fℓ → Gr be the projection. In [Cas19, §6] we defined the categories of equivariant perverse F p sheaves P L + G (Gr, F p ) and P I (Fℓ, F p ) as well as a convolution product * on P L + G (Gr, F p ). In Section 2.2 we define the convolution product F • 1 * F • 2 ∈ D b c (Fℓé t , F p ) of two I-equivariant perverse sheaves F • 1 , F • 2 ∈ P I (Fℓ, F p ). Let W be the Weyl group of G, letW be the Iwahori-Weyl group of G(k((t))), and let ℓ be the length function onW . For µ ∈ X * (T ) + let Gr ≤µ ⊂ Gr be the corresponding reduced L + G-orbit closure, and for w ∈W let Fℓ w ⊂ Fℓ be the corresponding reduced I-orbit closure. Let IC µ ∈ P L + G (Gr, F p ) be the shifted constant sheaf F p [dim Gr ≤µ ] supported on Gr ≤µ (see Theorem 2.7).
Given µ ∈ X * (T ) let Λ µ = W · µ ⊂ X * (T ) be the W -orbit of µ in X * (T ). For λ ∈ Λ µ let t λ ∈W be the element λ viewed as an element ofW . The µ-admissible set is Adm(µ) := {w ∈W | w ≤ t λ for some λ ∈ Λ µ }. Fℓ w ⊂ Fℓ.
Let Z A(µ) ∈ D b c (Fℓé t , F p ) be the shifted constant sheaf F p [dim A(µ)] supported on A(µ). Our main theorem is the following. Theorem 1.1. There exists an exact functor Z : P L + G (Gr, F p ) → P I (Fℓ, F p ) that satisfies:
(i) For all µ ∈ X * (T ) + there is a canonical isomorphism
. During the course of proving Theorem 1.1 we will also prove a result about the singularities of equal characteristic analogues of local models of Shimura varieties. More precisely, let E be a local field of characteristic p > 0 with ring of integers O E and residue field F q where q is a power of p. Suppose G is a split connected reductive group defined over E such that G der is simple. We assume G is the base extension of a split Chevalley group over Z, also denoted by G, and that T and B are defined over Z. Let Gr be the affine Grassmannian of G viewed as an ind-scheme over F q . Then for µ ∈ X * (T ) + there is an associated local model M µ → Spec(O E ) such that the generic fiber of M µ is isomorphic to Gr ≤µ × Spec(E) and the reduction of the special fiber is isomorphic to A(µ) (see Definition 2.3).
Theorem 1.2. Suppose p > 2 and that G der is simple and simply connected. Then for any µ ∈ X * (T ) + , every local ring in M µ is strongly F -regular, F -rational, and has pseudorational singularities.
Our main applications concern mod p Hecke algebras. To explain our results, let K = G(O E ) and note that H K has a natural basis {½ µ } indexed by X * (T ) + where ½ µ is the characteristic function of the double coset Kµ(t)K. Similarly if I ⊂ K is the Iwahori subgroup determined by B then H I has a basis {½ w } indexed byW . Let ½ K ∈ H I be the function which is 1 on K and 0 elsewhere. In Section 4 we will show that a version of Theorem 1.1 also holds when we view Gr and Fℓ as ind-schemes over the finite field F q . Then by applying the function-sheaf correspondence we will derive the following explicit formula for T −1 .
In [Vig05] , Vignéras constructed integral Bernstein elements B(λ) ∈ H I for λ ∈ X * (T ) and showed that { λ∈Λµ B(λ)} µ∈X * (T ) + is an F p -basis for Z(H I ). Ollivier [Oll14] showed these Bernstein elements give rise to an isomorphism of F p -algebras
Ollivier also showed that B is compatible with the mod p Satake isomorphism in the sense that
For our last application, we note that by [Oll14, 2. 3] the coefficient of ½ w appearing in 
Remark 1.5. LetĨ ⊂ I be the pro-p Sylow subgroup. The integral Bernstein elements are usually defined in the larger Hecke algebra HĨ . There is a central idempotent ǫ 1 ∈ HĨ such that H I = ǫ 1 HĨ (see [Oll14, 2.14] ). The Bernstein elements we are considering in this paper are the images of the Bernstein elements in [Oll14] after multiplication by ǫ 1 . The integral Bernstein elements in loc. cit. also depend on a choice of a sign (±) and a Weyl chamber, but the central integral Bernstein elements λ∈Λµ B(λ) do not depend on these choices by [Oll14, 3.4 ].
Remark 1.6. Theorem 1.1 gives a construction of a commutativity isomorphism for the convolution product in P L + G (Gr, F p ) which is different from the construction in [Cas19] . Cédric Pépin, Tobias Schmidt, Marie-France Vignéras, David Yang, and Xinwen Zhu for their interest and helpful conversations. Parts of this paper were written while the author visited the University of Paris 13 and the University of Rennes 1, and he would like to thank these institutions for their hospitality. This material is based upon work supported by the National Science Foundation Graduate Research Fellowship Program under Grant No. DGE-1144152.
Construction of the functor
2.1. Local and global affine Schubert varieties. Let G be a split connected reductive group defined over a perfect field k of characteristic p > 0. Let T ⊂ B ⊂ G be a maximal torus and a Borel subgroup. Define the functors on k-algebras
LG : R → G(R((t))),
). Let I ⊂ L + G be the Iwahori group given by the fiber of B under the projection L + G → G. The affine Grassmannian is the fpqc-quotient Gr := LG/L + G and the affine flag variety is the fpqc-quotient Fℓ := LG/I. Both Gr and Fℓ are represented by ind-projective k-schemes.
The left L + G-orbits in Gr are indexed by the set of dominant coweights X * (T ) + and the left I-orbits in Fℓ are indexed by the Iwahori-Weyl groupW of G(k((t))). Given µ ∈ X * (T ) + let Gr µ = L + G · µ(t) be the corresponding reduced orbit. The reduced closure of Gr µ is denoted Gr ≤µ , and it is the union of those Gr λ for λ < µ. For w ∈W we define C(w) to be the corresponding reduced I-orbit and we denote its reduced closure by Fℓ w . See [Zhu17] or [Cas19, §5.1] for more details on these affine Schubert varieties. Note that we used the notation S w in loc. cit. instead of Fℓ w . By [Fal03] and [PR08] , affine Schubert varieties are normal, Cohen-Macaulay, Frobenius-split and have rational singularities if p ∤ |π 1 (G der )|. Additionally, we have the following theorem.
Theorem 2.1 ([Cas19, 1.4]). If p ∤ |π 1 (G der )| the affine Schubert varieties Gr ≤µ and Fℓ w are globally F -regular, strongly F -regular, and F -rational.
We refer the reader to [Smi00] for the definition of global F -regularity and to [HH94] for the definitions of strong F -regularity and F -rationality. Global F -regularity is a property of projective k-schemes. Strong F -regularity is defined for noetherian rings R of characteristic
By [HH89, 3.1 (a)], R is strongly F -regular if and only if R P is strongly F -regular for every prime ideal P , so it makes sense to say a scheme is strongly F -regular if all of its local ring are strongly F -regular. The property of F -rationality is defined for noetherian rings of characteristic p > 0, and we say that a scheme is F -rational if all of its local rings are F -rational. If R is a homomorphic image of a Cohen-Macaulay ring, then R is F -rational if and only if all of its local rings are F -rational by [HH94, 4.2 (e)]. We have the following chain of implications for projective k-schemes (or more generally projective schemes over an F -finite field): =⇒ Pseudo-rational singularities, normal, Cohen-Macaulay Remark 2.2. We will also use the notion of pseudo-rationality as defined in [Kov19] . Using [Smi97, 1.13] and the flat base change theorem, one can verify the following: If X is a kscheme of finite type such that every local ring of X is pseudo-rational as defined in [Smi97, 1.8], then X is also pseudo-rational as defined in [Kov19, 1.2].
We now turn our attention to global Schubert varieties (see [Zhu14, §3.1]). Let C = A 1 . Throughout this paper we will denote by 0 the origin thought of as a closed point in A 1 . LetÔ 0 be the completed local ring of C at 0. Let C • = C − 0 and let G be a Bruhat-Tits group scheme over C equipped with isomorphisms
for more information about the construction of G.
For any smooth group scheme H over C (including G) we let E 0 be H regarded as a trivial H-torsor. For a k-algebra R let C R = C ⊗ Spec(k) Spec(R). If x ∈ C(R) let Γ x ⊂ C R be the graph of x. The global affine Grassmannian Gr G is the functor on k-algebras defined by
This is an ind-projective scheme over C by [PZ13, 5.5 ]. Our choice of isomorphisms in (2.1) induces isomorphisms
Using a Lemma of Beauville-Laszlo [BL95] , one can give a natural action of L + G on Gr G (see [Zhu14, §3.1]). Our choice of isomorphisms in (2.1) induces isomorphisms
Via the isomorphisms (2.2) and (2.3), the action of L + G on Gr G is compatible with the action of L + G on Gr and the action of I on Fℓ.
The global analogue of LG is
Finally, for each integer n > 0 let Γ x,n be the n-th nilpotent thickening of Γ x . The n-th jet group of L + G is
This functor is represented by a smooth affine group scheme over C. For each µ ∈ X * (T ) + the action of L + G on Gr G,µ factors through L + n G for sufficiently large n depending on µ. If x ∈ C • (k) then (L + n G) x ∼ = L + n G is isomorphic to the n-th jet group of L + G, and (L + n G) 0 ∼ = I n is isomorphic to the n-th jet group of I.
We define Gr G,µ to be the reduced closure of Gr ≤µ ×C • in Gr G . The scheme Gr G,µ is stable under the action of L + G, and our definition agrees with that in [Zhu14, 3.1] because G is split. We can now define the local model M µ . Thus the generic fiber of M µ is isomorphic to Gr ≤µ × Spec(k((t))). The following theorem is due to Zhu in the case G der is simple and simply connected and was extended by Haines-Richarz to the general case. Let G be the constant group scheme G×C. By replacing G with G in the above definitions we get the global Schubert variety Gr G , which is naturally isomorphic to Gr ×C. There is a natural morphism G → G which induces a morphism π G : Gr G → Gr G . By taking the fibers of π G over C • and 0 we get a diagram with Cartesian squares:
For the rest of Section 2 we assume k is an algebraically closed field of characteristic p > 0 unless otherwise stated. We refer the reader to [Cas19, §2] for an introduction to the category P b c (X, F p ) of perverse F p sheaves on a scheme X of finite type over k. This is an abelian ubcategory of D b c (Xé t , F p ) in which every object has finite length. As in the case of perverse Q ℓ -sheaves, there are operations such as the intermediate extension functor and pullback along smooth morphisms.
Now suppose X is a scheme of finite type over C. Let j : U → X be the inclusion of the fiber of X over C • and let i : Z → X be the inclusion of the fiber of X over 0. For
This defines an additive functor
Proposition 2.5. Suppose f : X ′ → X is a smooth morphism of relative dimension d and that X ′ has fibers U ′ and Z ′ over C • and 0, respectively. Then there is a natural isomorphism of functors
Proof. This follows from the fact that pullback along a smooth morphism commutes with taking intermediate extensions [Cas19, 2.16 ].
Remark 2.6. In general Ψ X may not preserve perversity or commute with pushforward along a proper morphism.
In [Cas19, §6] we defined the category P L + G (Gr, F p ) of L + G-equivariant perverse F p sheaves on Gr. We also defined the category P I (Fℓ, F p ) and proved the following theorem. 
. We now define the convolution product of two perverse sheaves in P I (Fℓ, F p ). Since the situation is analogous to P L + G (Gr, F p ) we will be brief. To begin, we have the convolution diagram
(2.5) Here p is the quotient map LG → Fℓ on the first factor and the identity map on the second factor. The map q is the quotient by the diagonal action of I on both factors, and m is the multiplication map. We will also use the notation Fℓ ∼ × Fℓ for LG × I Fℓ.
. The proof of this is analogous to the case of the affine Grassmannian in [Cas19, 6.2] so we omit it. We are also suppressing the fact that because LG × Fℓ is not of ind-finite type, we must replace the I-torsors p and q by torsors for a finite type quotient of I depending on the support of F
We may also write Rm * instead of
Remark 2.8. Using the method in [Cas19, 3.13] we can define the category P L + G (Gr G , F p ) of L + G-equivariant perverse F p -sheaves on Gr G . By the same reasoning we can define other categories of equivariant perverse sheaves on ind-schemes we will introduce later, such as P L + G (Gr conv G , F p ) (see the beginning of Section 3). Since L + n G → C has geometrically connected fibers for every n then
2.3. First Properties of Z. In this section we prove part (i) and (ii) of Theorem 1.1. The main ingredient will be the F -rationality of Gr G,µ . Throughout this section we assume that p > 2 and G der is simple and simply connected. We will explain how to remove the simply connected hypothesis in Remark 3.6. To begin, we recall the following results. Proof. Since Gr G,µ is Cohen-Macaulay and integral then (Gr G,µ ) 0 is also Cohen-Macaulay by [Sta20, OC6G] . Note that the morphism Gr G,µ → C is flat by [Har77, III 9.7]. Now because the generic fiber of Gr G,µ → C is connected, then so is (Gr G,µ ) 0 by [EGA IV 3 , 15.5.4]. Finally, dim (Gr G,µ ) 0 = dim Gr ≤µ by [Har77, III 9.6].
The following lemmas are well-known to experts, but because we could not find detailed proofs in the literature we provide them here.
Lemma 2.11. Let k be a perfect field and let A and B be domains that are strongly Fregular k-algebras of finite type.
Proof. This is proven in [Has03, 5.2] when A and B are graded rings, but the same proof works in general. Let R = A ⊗ k B and let a ∈ A and b ∈ B be such that the localizations A a and B b are smooth. Then A a ⊗ k B b is smooth and hence strongly F -regular by [HH89, 3.1 (c)], so by [HH89, 3.3 (a)] it suffices to construct a splitting of R[(a ⊗ b) 1/q ] ⊂ R 1/q for some q = p e . Because k is perfect, such a splitting can be constructed from splittings of
Lemma 2.12. Let k be a perfect field and let R be a domain that is a strongly F -regular k-algebra of finite type. Let E be an F -finite field containing k.
Because k is perfect, then such a splitting can be constructed from splittings of R[c 1/q ] ⊂ R 1/q and E ⊂ E 1/q . A splitting of R[c 1/q ] ⊂ R 1/q exists for some q because R is strongly F -regular, and a splitting of E ⊂ E 1/q exists because E is F -finite and it is a field. Lemma 2.13. Let f : Y → X be a smooth surjective morphism between reduced k-schemes of finite type. Then X is strongly F -regular if and only if Y is strongly F -regular.
Proof. If Y is strongly F -regular then X is strongly F -regular by [HH89, 3.1 (b)]. Conversely, if X is strongly F -regular then Y is strongly F -regular by [Abe01, 3.6]. In order to apply loc. cit. we are using the fact that the local rings of a smooth scheme over a field are regular, and hence they are Gorenstein and F -rational [HH94, 3.4].
We can now prove that the global Schubert varieties are strongly F -regular.
Theorem 2.14. If k is perfect the schemes Gr G,µ and Gr G,µ are strongly F -regular, Frational, and have pseudo-rational singularities.
Proof. By the implications following Theorem 2.1 it suffices to prove these schemes are strongly F -regular. By [Cas19, 1.4], Gr ≤µ is globally F -regular and hence also strongly F -regular. As C is smooth then it is strongly F -regular by [HH89, 3.1 (c)]. Thus since Gr G,µ ∼ = Gr ≤µ ×C then Gr G,µ is strongly F -regular by Lemma 2.11.
Since Gr G C • ∼ = Gr G C • then Gr G C • is strongly F -regular. Hence by [HH89, 3.3 (a)], to prove Gr G,µ is strongly F -regular it suffice to prove Gr G,µ is Frobenius split along the effective Cartier divisor (Gr G,µ ) 0 . As Gr G,µ is Frobenius split compatibly with (Gr G,µ ) 0 by [Zhu14, 6.5] then it is also Frobenius split along (Gr G,µ ) 0 (see, for example, [Cas19, 5.7]).
Before proceeding we prove Theorem 1.2. Recall that in the setup of Theorem 1.2, E is a local field of characteristic p > 2 with ring of integers O E and residue field F q . The group G is a split connected reductive group defined over E such that G der is simple and simply connected. We assume G is the base extension of a split Chevalley group over Z and that T and B are also defined over Z. Let Gr be the affine Grassmannian of G viewed as a group scheme over F q . After choosing an isomorphism
First suppose x ∈ M µ lies in the closed fiber of M µ → Spec(O E ) and let O x be the local ring at x. The completionÔ x is excellent and has an F -finite residue field, so it is F -finite by [Kun76, 2.6 
The ringÔ x is isomorphic to the completion of a local ring in Gr G,µ . Thus, it suffices to take y ∈ Gr G,µ and show that the completionÔ y of the local ring O y is strongly F -regular. Note that the map O y →Ô y is a flat map between F -finite noetherian local rings. Since O y is reduced and excellent thenÔ y is also reduced. Moreover, the fibers of this map are regular by [EGA IV 2 , 7.8.3 (v)]. Thus, since O y is strongly Fregular (Theorem 2.14) thenÔ y is strongly F -regular by [Abe01, 3.6 ]. This shows that O x is strongly F -regular if x lies in the closed fiber of M µ → Spec(O E ).
To complete the proof we need to show that the generic fiber M µ × Spec(O E ) Spec(E) = Gr Fq,≤µ × Spec(Fq) Spec(E) is strongly F -regular. Let X = Gr Fq,≤µ . The notion of global F -regularity is defined for projective varieties over F -finite fields, so it suffices to show X E := X × Spec(Fq) Spec(E) is globally F -regular. Let L be an ample invertible O X -module, and let R = ⊕ n H n (X, L) be the corresponding section ring of X. Then R ⊗ Fq E is a section ring for X E , so we need to show this ring is strongly F -regular. Since X is globally F -regular we can assume R is strongly F -regular. Hence the strong F -regularity of R ⊗ Fq E will follow from Lemma 2.12 once we know that R ⊗ Fq E is a domain.
Since R is strongly F -regular it is reduced. As E is a geometrically reduced F q -algebra
Thus R ⊗ Fq E is a domain, and hence it is strongly F -regular by Lemma 2.12. Thus X E is globally F -regular, and hence strongly F -regular.
We now begin proving parts (i) and (ii) of Theorem 1.1. For the rest of this section we assume k is an algebraically closed field of characteristic p > 2 and that G is a connected reductive group over k such that G der is simple and simply connected.
Proof. Since Gr G,µ is integral and F -rational then the proposition follows from [Cas19, 1.7].
Proposition 2.16. The functor Z is exact and preserves perversity, and Z(IC µ ) ∼ = Z A(µ) .
Proof. The isomorphism Z(IC µ ) ∼ = Z A(µ) follows from Theorem 2.4 and Proposition 2.15, and the fact that dim A(µ) = dim Gr ≤µ . As A(µ) is Cohen-Macaulay and equidimensional (Corollary 2.10) then Z A(µ) is perverse by [Cas19, 1.6].
Via the canonical isomorphism Gr G ∼ = Gr ×C, for every F • ∈ P L + G (Gr, F p ) we may view .6) is uniquely determined by its restriction to Gr G C • , so these isomorphisms can be chosen so as to produce an a natural isomorphism of functors
Hence there is an isomorphism of functors
Thus Ψ Gr G is exact when restricted to P L + G (Gr, F p ). By induction on the length of an object in P L + G (Gr, F p ), Z preserves perversity. 
This completes the proof of the properties of Z asserted in the beginning of Theorem 1.1 and also part (i).
Proof of Theorem 1.1 (ii). We first show that Rπ ! (Z A(µ) ) ∼ = IC µ . Since Gr G,µ and Gr G,µ are normal, Cohen-Macaulay, and have pseudo-rational singularities then Rπ G, * (O Gr G,µ ) ∼ = O Gr G,µ by [Kov19, 1.8]. Thus by applying the proper base change theorem to (2.4) and using the Artin-Schreier sequence it follows that Rπ ! (Z A(µ) ) ∼ = IC µ .
For a general F • ∈ P L + G (Gr, F p ) we note that by (2.8) and the proper base change theorem there is a natural isomorphism
By adjunction there is a natural map
There is also a natural isomorphism
Putting this all together there is a natural map
If F • ∼ = IC µ this reduces to the isomorphism Rπ ! (Z A(µ) ) ∼ = IC µ from before, so by induction on the length of F • it is an isomorphism in general.
Proofs
In this section we prove the remaining parts of Theorem 1.1. Let k be an algebraically closed field of characteristic p > 2 and let G be a connected reductive group over k such that G der is simple. We will also assume that G der is simply connected until Remark 3.6. In our proofs we will use the same geometric objects as in [Zhu14] . First, we have the Beilinson-Drinfeld Grassmannian for G over C defined by the functor 
This is an ind-projective scheme over C by [Zhu14, 6.2.3]. There is a map m G : Gr conv
. The map m G is an isomorphism over C • . By taking the fibers over C • and 0 we get a diagram with Cartesian squares:
We define Gr Proof. Let Gr BD G be the functor
Then by [Gai01, 3.1.1], Gr BD G is ind-projective, and there are isomorphisms
The map G → G induces a map π BD : Gr BD G → Gr BD G . Over closed points in C • this is the map id ×π : Gr ×Fℓ → Gr × Gr and over 0 this is π : Fℓ → Gr. Let Gr BD G,µ,λ ⊂ Gr BD G be the reduced closure of Gr ≤µ ×C • × Gr ≤λ .
We claim that the fiber (Gr BD G,µ,λ ) 0 is reduced and isomorphic to Gr ≤µ+λ . To prove this we use the Beilinson-Drinfeld Grassmannian over C 2 defined by Proof. If w = ν is sufficiently dominant then this is [Zhu14, 6.5]. If λ < ν is also dominant then this splitting is compatible with the closed subscheme Gr Proposition 3.5. For F • 1 ∈ P L + G (Gr, F p ) and F • 2 ∈ P I (Fℓ, F p ) there are natural isomorphisms
. Furthermore, each of these complexes is perverse. For (ii), suppose that F • 1 is supported on Gr ≤µ and F • 2 is supported on Fℓ w . Let I n be the n-th jet group of I. As in [Zhu14, 6.2.3], for some n there is an I n -torsor Gr G,0,n over
Proof. Since Gr
Let ϕ conv n : Gr G,µ × Gr G Gr G,0,n ×Fℓ w → Gr conv G,µ,ν be the resulting I n -torsor over Gr conv G,µ,ν . By similar reasoning as in [Cas19, 6.2] we can form the perverse sheaf
The key point is that
is a constant sheaf supported on an equidimensional Cohen-Macaulay scheme. By (2.6) the functor j G,! * ((−)
We claim there is an isomorphism
Let ϕ n : Gr G,µ × Gr G Gr G,0,n → Gr G,µ be the pullback of Gr G,0,n → Gr G along Gr G,µ → Gr G and let ϕ 0,n : (Gr G,µ ) 0,n → (Gr G,µ ) 0 be the fiber of ϕ n over 0. By taking the fiber of ϕ conv n over 0 we get a Cartesian diagram 
To finish the proof of (ii) it suffices to construct a natural isomorphism
By the proper base change theorem, to establish an isomorphism as in (3.4) it suffices to construct an isomorphism
Since m G is an isomorphism over C • then the left side of (3.5) is naturally an extension of 6) , then by induction on the lengths of F • 1 and F • 2 we reduce to the case F • 1 = IC µ and F • 2 = IC F ℓ w . Because all of the schemes appearing are integral and F -rational, then both . By applying the Artin-Schreier sequence we complete the proof of (3.5) and (ii).
Applying (i) this also shows that
By induction on the lengths of F • 1 and F • 2 we conclude that Z(F • 1 ) * F • 2 is perverse in general. To prove (iii) we use the functor
. The map m ′ G is an isomorphism over C • and restricts to the convolution map m : LG × I Fℓ → Fℓ over 0.
Let L + n G be the n-th jet group of L + G (see the proof of [Zhu14, 7.2]). Suppose F • 1 is supported on Gr ≤µ and F • 2 is supported on Fℓ w . Let n be an integer large enough so that L + G acts on Gr G,µ through the quotient L + n G. Then as in the proof of [Zhu14, 7.4 (ii)] there is an L + n G-torsor P n over Fℓ w × C such that P n × L + n G Gr G,µ ⊂ Gr conv ′ G is a closed subscheme with
The scheme P n × L + n G Gr G,µ is strongly F -regular by Lemma 2.11 and because this property is local in the smooth topology (Lemma 2.13). Let ϕ conv ′ n : P n × Gr G,µ → P n × L + n G Gr G,µ be the resulting L + n G-torsor.
n G-equivariant (see the proof of Proposition 2.17), then by arguments analogous to those in the proof of (ii) we can form the perverse sheaf
which is supported on P n × L + n G Gr G,µ . Here we are applying the operation L ⊠ with respect to the fiber product of C-schemes rather than k-schemes, hence the extra shift by 1. If
is a constant sheaf. Let Fℓ w,n be the I n -torsor (P n ) 0 over Fℓ w . By taking the fiber over 0 we get a Cartesian diagram:
Now we can finish the proof by following arguments analogous to those in the proof of (ii) to establish isomorphisms
and
In this last isomorphism we are applying the natural isomorphism Fℓ w × C • × Gr ≤µ ∼ = Gr ≤µ ×C • × Fℓ w . We leave the details to the reader.
We can now finish the proof of Theorem 1.1.
Proof of Theorem 1.1 (v). We introduce the functors
There are isomorphisms
and Gr conv ′′ G ∼ = (LG × L + G Gr) × C. Moreover, by arguments similar to those proceeding [Zhu14, 6.2.3],
Thus Gr conv ′′ G is ind-proper over C.
We define Gr There is a map π ′′ : Gr conv ′′ G → Gr conv ′′ G induced by the map G → G, which is an isomorphism over C • . There is a commutative diagram as follows, where the left and middle squares are obtained by taking the fibers over C • and 0 and the lower map in the right square is the multiplication map LG × L + G Gr → Gr.
Hence to complete the proof it suffices to construct natural isomorphisms
1 is supported on Gr ≤µ and F • 2 is supported on Gr ≤λ . Fix an integer n large enough so that L + G acts on Gr G,λ through the quotient L + n G. Let LG ≤µ be the preimage of Gr G,µ under the quotient map LG → LG/L + G ∼ = Gr G , and let Gr G,µ,n = LG ≤µ × L + G L + n G. Then there is a right L + n G-torsor ϕ G,n : Gr G,µ,n → Gr G,µ , and
Let ϕ conv ′′ n : Gr G,µ,n × C Gr G,λ → Gr conv ′′ G,µ,λ be the resulting L + n G-torsor over Gr conv ′′ G,µ,λ . Over points in C • the map ϕ G,n : Gr G,µ,n → Gr G,µ restricts to an L + n G-torsor p n : Gr ≤µ,n → Gr ≤µ . By taking the fibers of ϕ conv ′′ n over C • and 0 we get a diagram with Cartesian squares
An isomorphism as in (1) can be constructed in a manner similar to (3.3) by pulling everything back to (Gr G,µ,n ) 0 × (Gr G,λ ) 0 . Along the way it is necessary to construct an isomorphism
Such an isomorphism can be constructed by using induction to reduce to the case in which F • 1 and F • 2 are simple and the sheaves above are constant. We leave the details to the reader.
We break up the proof of (2) into two parts.
By the proper base change theorem, to prove (2 ′ ) it suffices to show
Since Gr conv ′′ G,µ,λ and Gr conv ′′ G,µ,λ are strongly F -regular then they are normal, Cohen-Macaulay, and have pseudo-rational singularities. Thus (3.7) can be proved in the same way as (3.5) once we know that
is exact in both variables. Exactness can be established by showing there exists an isomor-
) using an argument analogous to the one we used to prove (2.7). This completes the proof of (2 ′ ).
Finally, since Gr conv ′′ G ∼ = (LG × L + G Gr) × C then to prove (2 ′′ ) it suffices to show
The right side is naturally an extension of F Remark 3.6. We have proved Theorem 1.1 under the hypothesis G der is simply connected and simple. We now explain how to remove the simply connected hypothesis using the same technique as in our earlier paper [Cas19, 7.12] . The same idea is also used in [Zhu14, 3.3].
Let G be a connected reductive group over k such that G der is simple. By [MS82, 3.1] there exists a central extension
der is simply connected and N is a connected torus. Since G der is simple then so is G ′ der . Let T ′ ⊂ B ′ ⊂ G ′ be the maximal torus and Borel subgroup given by the preimages of T and B, and let I ′ ⊂ L + G ′ be the preimage of B ′ under the projection L + G ′ → G ′ . Let Gr G and Gr G ′ be the affine Grassmannians for G and G ′ , respectively. Similarly, let Fℓ G and Fℓ G ′ be the Iwahori affine flag varieties.
Because N is connected the map X * (T ′ ) → X * (T ) is surjective. Hence the maps Gr G ′ → Gr G and Fℓ G ′ → Fℓ G are surjective. Let ϕ 1 : X * (T ′ ) + → X * (T ) + be the induced surjection on dominant coweights and let ϕ 2 :W ′ →W be the induced surjection on Iwahori-Weyl groups. Each connected component of Gr G ′ maps onto its image in Gr G via a universal homeomorphism by [HV18, 3.1]. The same is true of the map Fℓ G ′ → Fℓ G .
There is also a Bruhat-Tits group scheme G ′ over C satisfying the conditions (2.2) and equipped with a natural map G ′ → G. This induces a map Gr G ′ → Gr G . By restricting this map to C • and 0 one sees that Gr G ′ → Gr G is surjective and maps each connected component of Gr G ′ into its image via a universal homeomorphism. Similarly, there are maps Gr G ′ → Gr G , Gr BD G ′ → Gr BD G , etc., which are surjective and restrict to universal homeomorphisms on connected components.
All of the diagrams of C-schemes we used in Sections 2 and 3 to prove Theorem 1.1 for G ′ intertwine with the corresponding diagrams for G. For example, we have a commutative diagram 
. Fix an embedding of F q into an algebraic closure F q and let F * ∈ Gal(F q /F q ) be the inverse of the map which sends α → α q . Let X = X 0 × Spec(Fq) Spec(F q ) and let F • be the pullback of
is a representation of Gal(F q /F q ) and it makes sense to take the trace Tr(F * , H i (F • x )). We form a function Tr(F • 0 ) : X 0 (F q ) → F p by setting
See also [SGA 4 1 2 , Ch. 2, §1] for more information on the construction of the function Tr(F • 0 ). As in the case of Q ℓ -coefficients, we have: Theorem 4.1. Let X 0 and Y 0 be separated schemes of finite type over F q .
Proof. Parts (i) and (ii) are immediate from the definitions, and part (iii) is [SGA 4 1 2 , 4.1]. 4.2. Perverse F p sheaves over finite fields. For the rest of Section 4 we assume G is a split connected reductive group defined over F q and that G der is simple. Let Gr Fq and Fℓ Fq denote the affine Grassmannian and affine flag variety viewed as ind-schemes over F q . While we restricted to the case of an algebraically closed ground field in [Cas19] , our constructions also work over an arbitrary perfect field of characteristic p > 0. In particular, we can construct the categories P L + G (Gr Fq , F p ) and P I (Fℓ Fq , F p ). The main difference when working over F q is that there are more simple objects. In particular, [Cas19, 3.18] needs to be revised in this setting, as there are non-trivial simpleétale local systems on Spec(F q ).
As in the case of Q ℓ -coefficients in [Zhu17, 5.6], we will restrict ourselves to a certain subcategory of P L + G (Gr Fq , F p ) consisting of normalized perverse sheaves. More precisely, let L be theétale local system on Spec(F q ) corresponding to the representation Gal(F q /F q ) → GL 1 (F p ) which sends F * to −1. If X 0 is a scheme over F q then we can also view L as a local system on X 0 by pulling back along X 0 → Spec(F q ).
Suppose µ ∈ X * (T ) + is such that dim Gr ≤µ has parity p(µ) ∈ {0, 1}. Then define the normalized IC-complex
be the Serre subcategory consisting of perverse sheaves whose simple subquotients are all the form IC N µ for µ ∈ X * (T ) + . We claim the subcategory P L + G (Gr Fq , F p ) N is monoidal. To prove this, we first note that the identity IC µ 1 * IC µ 2 = IC µ 1 +µ 2 in [Cas19, 1.2] also holds over F q . Indeed, this identity is derived from the result of Kovács [Kov19, 1.8] which is independent of the ground field. From this fact and the projection formula [Sta20, 0B54] it follows that IC N µ 1 * IC N µ 2 = IC N µ 1 +µ 2 . Using the same arguments as in [Cas19] one can show that P L + G (Gr Fq , F p ) N is a symmetric monoidal category. For F • ∈ P L + G (Gr Fq , F p ) let F • Gr ∈ P L + G (Gr, F p ) be its pullback to Gr. Then one can also show that
is an exact, faithful, tensor functor. For µ ∈ X * (T ) + let Z N A(µ) := Z A(µ) L ⊗ L ⊗p(µ) ∈ P I (Fℓ Fq , F p ).
If p > 2 the arguments in this paper also work over F q and give rise to a functor
which satisfies all parts of Theorem 1.1 and such that Z(IC N µ ) ∼ = Z N A(µ) .
Remark 4.2. The functor P L + G (Gr Fq , F p ) N → P L + G (Gr, F p ) induced by pullback is faithful, but it is not an equivalence of categories in general. The issue is that due to the failure of smooth base change, the group of extensions between two objects depends on the ground field (see the proof of [Cas19, 6.14]). We now verify that the function-sheaf correspondence respects the convolution of perverse sheaves and functions.
We will only consider the case F • 1 , F • 2 ∈ P I (Fℓ Fq , F p ); the other case can be handled by similar methods. The proof is essentially the same as that of [Zhu17, 5.6.1] in the case of Q ℓ -coefficients, but because it is important for our applications we will reproduce the details. Let m :
LG × I Fℓ → Fℓ be the multiplication map and let x ∈ Fℓ Fq (F q ) = G(E)/I. The first equality follows from Theorem 4.1 (iii) and the proper base change theorem. The other two equalities follow from the definitions.
Since IC N µ 1 * IC N µ 2 = IC N µ 1 +µ 2 there is a natural isomorphism of F p -algebras f : F p [X * (T ) + ] → K 0 (P L + G (Gr Fq , F p ) N ) ⊗ F p , µ → [IC N µ ]. The next lemma shows this isomorphism is compatible with the mod p Satake isomorphism. While Herzig works with anti-dominant coweights, the formula above can be obtained from Herzig's formula by multiplying by the longest element of the Weyl group (see the proof of [Cas19, 1.3]). Herzig only uses the hypothesis that G der is simply connected to reduce to the case where the weight (a representation of G(F q )) is trivial. As the weight is trivial in our situation, the above formula is valid for any G. Note that IC µ is a constant sheaf supported on Gr ≤µ , and the dimensions of Gr λ for λ ≤ µ all have the same parity. Hence the lemma now follows from our choice of normalized IC-complexes IC N µ . Remark 4.6. In [Cas19] we worked over an algebraically closed field and described a natural map of F p -vector spaces K 0 (P L + G (Gr, F p )) ⊗ F p → H K which we proved is the inverse of the mod p Satake isomorphism, and hence also an isomorphism of F p -algebras. It is possible to work over an algebraically closed field because, for F • ∈ P L + G (Gr Fq , F p ) N , Tr(F • ) essentially counts the dimensions of the stalks of F • . However, one advantage of working over F q is that Lemma 4.3 allows us to prove the existence of an isomorphism of F p -algebras F p [X * (T ) + ] ∼ = H K without using the existence of the p Satake isomorphism. 
